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ABSTRACT
Primordial Black Holes (PBHs) might have formed in the early Universe as a conse-
quence of the collapse of density fluctuations with an amplitude above a critical value
δc: the formation threshold. Although for a radiation-dominated Universe δc remains
constant, if the Universe experiences some dust-like phases (e.g. phase transitions) δc
might decrease, improving the chances of PBH formation. We studied the evolution of
δc during the QCD phase transition epoch within three different models: Bag Model
(BM), Lattice Fit Model (LFM), and Crossover Model (CM). We found that the re-
duction on the background value of δc can be as high as 77% (BM), which might imply
a ∼ 10−10 probability of PBHs forming at the QCD epoch.
Key words: black hole physics – cosmology: early Universe – cosmology: inflation
1 INTRODUCTION
Primordial Black Holes (PBHs) may have formed in the
early Universe as a consequence of the collapse of den-
sity fluctuations (e.g. Hawking 1971; Carr & Hawking 1974;
Carr 1975; Novikov et al. 1979; Polarski & Dolgov 2001;
Khlopov 2010). They might even be directly detectable
within our neighboorhood (Sobrinho & Augusto 2014). Dur-
ing inflation, fluctuations of quantum origin are stretched
to scales much larger than the cosmological horizon RH
at the time t when they were produced (RH(t) = c/H(t),
with H(t) the Hubble parameter). Once a physical wave-
length becomes larger than RH , it is causally disconnected
from physical processes. The inflationary era is followed, re-
spectively, by radiation-dominated and matter-dominated
epochs during which these fluctuations can re-enter the
cosmological horizon (e.g. Boyanovsky, de Vega, & Schwarz
2006). For a given physical scale k, the horizon cross-
ing time tk (i.e. the instant when that scale re-enters
RH) is conventionally defined by (e.g. Blais et al. 2003;
Bringmann, Kiefer, & Polarski 2002)
ck = a(tk)H(tk) (1)
where a(t) represents the scale factor. The collapse that gives
rise to the formation of a PBH is now possible but only if
the amplitude of the density fluctuation (δ) is larger than a
specific threshold value δc. In this case the expansion of the
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overdense region will, eventually, come to a halt, followed by
its collapse. The majority of the PBHs formed at a particular
epoch have masses within the order of the horizon mass,
MH , at that epoch (e.g. Carr 2003) given by
MH(t) ∼ 1015
(
t
10−23 s
)
g. (2)
However, in the case of perturbations with δ only slightly
larger than the critical value, δc, the PBH masses rather
obey the scaling law (Niemeyer & Jedamzik 1999)
MPBH ∝MH (δ − δc)γ (3)
where γ ≈ 0.36 in the case of a radiation-dominated
Universe. This power law scaling has been found to hold
down to (δ − δc) ∼ 10−10 (Musco, Miller, & Polnarev 2009;
Musco & Miller 2013).
The probability that a fluctuation crossing the horizon
at some instant tk has of collapsing and forming a PBH can
be written as (e.g. Green 2015)
β(tk) =
1√
2πσ(tk)
∫
∞
δc
exp
(
− δ
2
2σ2(tk)
)
dδ (4)
where σ2(tk) is the mass variance at horizon crossing.
Carr (1975), based on a simplified model of an overdense
collapsing region, found δc = 1/3 for a radiation-dominated
Universe. In more recent years the threshold δc has been ex-
tensively investigated by numerical simulations in PBH for-
mation, in particular by numerically solving relativistic hy-
drodynamical equations (see e.g. Musco, Miller, & Rezzolla
2005). Although Niemeyer & Jedamzik (1999) reported
the value δc ≃ 0.7 in the case of a radiation-
c© 2013 RAS
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dominated expanding Universe, this was later revised
to δc ≃ 0.43 − 0.47 (Musco, Miller, & Rezzolla 2005;
Polnarev & Musco 2007; Musco, Miller, & Polnarev 2009;
Harada, Yoo, & Kohri 2013; Musco & Miller 2013). Usually
δc is constant throught the radiation-dominated epoch, the
exception occurring during cosmological phase transitions,
when the value of δc decreases (as a consequence of the de-
crease of the sound speed). This is relevant, since a lower
value of δc favours PBH production (e.g. Carr 2003).
The Standard Model of Particle Physics (SMPP) pre-
dicts: (i) the Electroweak (EW) phase transition at tem-
peratures of ∼ 100 GeV, responsible for the spontaneous
breaking of the EW symmetry (e.g. Aoki et al. 2006a) and
(ii) the Quantum Chromodynamics (QCD) phase transition
at 170 MeV (e.g. Allton et al. 2002; Bernard et al. 2005;
Aoki et al. 2006b) related to the spontaneous breaking of
the chiral symmetry of the QCD when quarks and glu-
ons become confined in hadrons. At very high tempera-
tures (T > 172.5 GeV) all the particles of the SMPP con-
tribute to the effective number of degrees of freedom giv-
ing g(T)=106.75 (e.g. Yao et al. 2006; Sobrinho 2011). As
the expansion of the Universe goes on, the temperature de-
creases and, by the temperature of the QCD transition, with
the Universe consisting on a Quark-Gluon Plasma (QGP),
we have gQGP = 61.75. At the end of the QCD transition,
when the Universe becomes an Hadronic Gas (HG), we reach
gHG = 17.25 (e.g. Beringer et al. 2012).
The aim of this paper is to study the behaviour of δc
during the QCD phase transition. The paper is organized
as follows: after reviewing, in Section 2, some key aspects
concerning the early Universe and the QCD phase transition
we derive, in Section 3, new results for δc considering three
different models: the Bag Model (BM), the Lattice Fit Model
(LFM), and the Crossover Model (CM). In Section 4 we
conclude with a general discussion.
We have considered, for the radiation-dominated phase
of the Universe, the lowest accepted value of δc = 0.43, which
corresponds to the Mexican-Hat perturbation profile, a very
representative one. Table 1 (Section 2) sums up key obser-
vational and derived parameters that we used throughout
this paper.
2 THE EARLY UNIVERSE
2.1 The scale factor
We appear to live in a flat, homogeneous and isotropic ex-
panding Universe (at scales > 100 Mpc) well described by
the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric
where the scale factor, a(t), describes the time dependence of
the Universe geometry: a(t) ∝ t1/2 for radiation domination,
a(t) ∝ t2/3 for matter domination, and a(t) ∝ exp(
√
Λ
3
ct)
for dark energy domination, where Λ = 3H0ΩΛc
−2 is the
cosmological constant (e.g. Beringer et al. 2012) — see Ta-
ble 1. A common normalization of the FLRW metric defines
the scale factor equal to unity at the present time (a(t0) = 1;
e.g. Liddle & Lyth 1993), yielding, for a Universe dominated
by a positive cosmological constant (cf. Table 1)
aΛ(t) = exp
(
c
√
Λ
3
(t− t0)
)
, tΛ 6 t 6 t0 . (5)
For the matter-dominated Universe we have
am(t) = aΛ(tΛ)
(
t
tΛ
)2/3
, teq 6 t 6 tΛ . (6)
Between the end of inflation at t = te ∼ 10−33 s; (e.g.
Narlikar & Padmanabhan 1991) and t = teq = 2.37× 1012 s
the Universe was radiation-dominated since at the latter in-
stant a radiation-matter equality is reached (Table 1). Ex-
ceptions to radiation-domination in the te 6 t 6 teq time
interval might have taken place during cosmological phase
transitions such as the QCD (when the Universe might have
been dust-like). We, then, split the radiation-domination
epoch into three parts. For the interval between the end
of the QCD phase transition (t+) and teq we define
arl(t) = am(teq)
(
t
teq
)1/2
, t+ 6 t 6 teq . (7)
During the QCD phase transition we define
aQCD(t) = arl(t+)
(
t
t+
)nqcd
, t− 6 t 6 t+ (8)
where nqcd = 2/3 if the Universe experiences a QCD dust-
like phase or nqcd = 1/2 if the Universe continues to be
radiation-dominated during that epoch. Finally, between the
end of inflation (te) and the beginning of the QCD phase
transition (t−) we define
arm(t) = aQCD(t−)
(
t
t−
)1/2
, te 6 t 6 t− . (9)
2.2 Primordial density fluctuations
The simplest way to describe a classical fluctuation with
amplitude δ is in terms of an overdensity or density contrast
(e.g. Musco, Miller, & Rezzolla 2005)
ρ = ρ(1 + δ) (10)
where ρ represents the average cosmological density. In the
unperturbed region we assume the FLRW metric and obtain
(Carr 1975)(
da
dt
)2
=
8πG
3
ρ(t)a(t)2 (11)
while for the perturbed one we get (Carr 1975)(
ds
dτ
)2
=
8πG
3
ρ(τ )s(τ )2 −∆ǫ (12)
where ∆ǫ represents the corresponding curvature constant,
τ is the proper time as measured by comoving observers and
s(τ ) plays the role of a scale factor for the perturbed region.
Considering that, initially, the overdense region is comoving
with the unperturbed background, we consider τk = tk, sk =
ak and (ds/dτ )k = (da/dt)k yielding, for ∆ǫ, the expression
(Carr 1975)
∆ǫ =
8πG
3
a2k (ρk − ρk) . (13)
Inserting this into equation (12) and using equation (10) we
obtain(
ds
dτ
)2
=
8πG
3
(
ρ(τ )s(τ )2 − ρka2k
δk
1 + δk
)
(14)
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Table 1. Observational and derived (the last three) parameters used in our calculations: (1) nomenclature; (2) description (HG —
Hadronic Gas; QGP — Quark-Gluon Plasma); (3) numerical value (BM — Bag Model; LFM — Lattice Fit Model); (4) reference, if
any: [1] Ade et al. (2014); [2] Bennett et al. (2013); [3] Allton et al. (2002); Bernard et al. (2005); Aoki et al. (2006b) [4] Beringer et al.
(2012).
(1) (2) (3) (4)
t0 Age of the Universe 4.36× 1017 s [1]
T0 Cosmic Microwave Background Temperature 2.72548 K [2]
H0 Present day value of the Hubble Parameter H(t) 67.3 kms
−1Mpc−1 [1]
ΩΛ Dark energy density parameter 0.685 [1]
tΛ Age of the Universe at matter-Λ equality (when the expansion starts to ac-
celerate); equals 2/(3H0)
3.06× 1017 s —
zeq Redshift at matter-radiation equality 3391 [1]
teq Age of the Universe at matter-radiation equality (from equation (6), consid-
ering that am(teq) = (1 + zeq)−1)
2.37× 1012 s —
Tc The temperature of the Universe at the QCD phase transition 170 MeV [3]
gQGP Degrees of freedom for the QGP Universe 61.75 [4]
gHG Degrees of freedom for the HG Universe 17.25 [4]
t+ Age of the Universe at the end of the QCD phase transition 1.2× 10−4 s (BM, LFM) Section 3
t− Age of the Universe at the begining of the QCD phase transition 6.2× 10−5 s (BM) Section 3
9.5× 10−5 s (LFM) Section 3
which describes the evolution of the perturbed region.
During the radiation-dominated epoch the Universe can
be regarded as a diluted gas with its Equation of State (EoS)
written as p = wρ (e.g. Carr 2003; Ryden 2003) where p is
pressure, ρ is cosmological density, and the dimensionless
quantity w (the EoS parameter) is equal to 1
3
(e.g. Carr
2003), since the sound speed is c2s =
(
∂p
∂ρ
)
S
= w = 1
3
(e.g. Schmid, Schwarz, & Widerin 1999). If during the QCD
phase transition the Universe becomes matter-dominated
(pressureless gas), then we get w = 0 and c2s = 0. Con-
sidering that ρ(t) ∝ a(t)−3(1+w) (e.g. Beringer et al. 2012)
we write ρ(τ ) = Kss(τ )
−3(1+w) where Ks is a constant and
s(τ ) represents the evolution of the scale factor for the per-
turbed region. Similarly, ρk = Kka
−3(1+wk)
k with wk the EoS
parameter when the fluctuation crosses the horizon. Hence,
equation (14) becomes(
ds
dτ
)2
=
8πG
3
Ks
1 + δk
(
1 + δk
s(τ )1+3w
− Kk
Ks
δk
a
1+3wk
k
)
. (15)
The turnaround point (tc) is reached when the perturbed
region stops expanding, i.e., when ds/dτ = 0. Thus, evalu-
ating equation (15) at tc we get
s1+3wcc =
Ks
Kk
a1+3wkk
(
1 + δk
δk
)
(16)
which relates the size of the perturbed region at the hori-
zon crossing time with the respective size at the turnaround
point. The calculation of the relation Ks/Kk is detailed in
Appendix A.
Following Jedamzik & Niemeyer (1999), the value of δc
during a first order phase transition is only a function of the
horizon crossing time tk and the strength of the transition.
We here interpret the latter as the time interval that the
fluctuation spends on the mixed phase until the turnaround
point (tc) is reached. We are thus assuming, for our conve-
nience, that when the turnaround point is reached a PBH
will form, even if not immediately after the instant tc (as
long as δk > δc). Hence, we are not taking into account
the dynamics between the turnaround point and the in-
stant when the PHB actually arises with the formation of
an event horizon, which would require to numerically solve
the Hernandez-Misner equations for a variable sound speed.
2.3 The QCD phase transition according to three
concurrent models
A first order QCD phase transition is characterized by the
formation of hadronic bubbles during a short period of su-
percooling when they grow slowly and the released latent
heat maintains the temperature constant until the transi-
tion is complete (e.g. Schmid, Schwarz, & Widerin 1999).
We consider three concurrent approaches (models) to de-
scribe the QCD phase transition which we now describe in
detail.
2.3.1 The Bag Model (BM)
The Bag Model (BM) provides a first semiphenomenolog-
ical description of an EoS that features a quark-hadron
first-order transition (e.g. Boyanovsky, de Vega, & Schwarz
2006). The simplest version of the model considers the ther-
modynamics in two different regions: a high temperature
region (T > Tc, t < t−) where we have a QGP and a low
temperature region (T < Tc, t > t+) where we have an
HG. In both situations the sound speed is c2s = 1/3. At the
critical temperature T = Tc, i.e. during the time interval
[t−, t+], quarks, gluons, and hadrons coexist in equilibrium
at constant pressure and temperature and the sound speed
vanishes (e.g. Boyanovsky, de Vega, & Schwarz 2006).
2.3.2 The Lattice Fit Model (LFM)
In the limit, it is expected that simulations on larger and
larger lattices, while making the lattice spacing smaller and
smaller, closely match the continuum theory. Here we con-
sider a Lattice Fit Model (LFM) describing a first-order
phase transition which was obtained for quenched lattice
QCD (gluons only, no quarks), giving similar results to
c© 2013 RAS, MNRAS 000, 1–??
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the case of two-flavour QCD (Schmid, Schwarz, & Widerin
1999). However, now the high-temperature behaviour
(T ∼ 4Tc ∼ 700 Mev) is not well described by the
Stephan-Boltzmann law, which suggests that even at these
high temperatures the plasma is not described by free
quarks and gluons (e.g. Boyanovsky, de Vega, & Schwarz
2006). Within the LFM the sound speed is given by
(Schmid, Schwarz, & Widerin 1999)
c2s(T ) =
1
3
(
1− Tc
T
)1−γ
, T > Tc (17)
with a good fit obtained for 0.3 < γ < 0.4 (in this pa-
per, we thus consider γ = 1/3). Right after the end of
the transition (T < Tc) an HG appears (similarly to the
BM case) and the sound speed is, once again, c2s = 1/3
(Schmid, Schwarz, & Widerin 1999).
2.3.3 The scale factor and the average energy density of
the Universe under the BM and the LFM
The evolution of the scale factor during the QGP and HG
mixed phase in a first-order QCD transition, i.e., when c2s =
0, is determined by the entropy conservation (e.g. Schwarz
2003; Schmid, Schwarz, & Widerin 1997)
fR =
arl(t+)
aQCD(t−)
=
(
1 +Rl
(
gQGP
gHG
− 1
))1/3
(18)
with Rl = 1 (BM) or Rl = 0.2 (LFM).
The evolution of the average energy density ρ as a func-
tion of time during a first-order QCD transition is given by
(Jedamzik 1997)
ρ(t) =
(
aQCD(t−)
a(t)
)3
(ρQGP (Tc)
+
1
3
ρHG(Tc)
)
− 1
3
ρHG(Tc). (19)
Taking into account that ρHG(T ) =
π2
30
gHGT
4 and
ρQGP (T ) =
π2
30
gQGPT
4 +B, with B = π
2
90
(gQGP − gHG)T 4c
(cf. Schmid, Schwarz, & Widerin 1999) equation (19) be-
comes
ρ(t) =
1
3
π2
30
T 4c
[
4gQGP
(
aQCD(t−)
a(t)
)3
− gHG
]
. (20)
Let ρ1 and ρ2 (ρ2 = ρ(t+) < ρ1 = ρ(t−)) be the energy
densities at the start and at the end of the QCD phase tran-
sition, respectively. For simplicity, we assume for ρ > ρ1 a
pure QGP (w = 1/3), for ρ < ρ2 a pure HG (w = 1/3)
and for ρ2 < ρ < ρ1 a mixed phase, that can be treated
as dust (w = 0). In order to characterize the horizon cross-
ing time, tk, and the turnaround point, tc, in terms of en-
ergy density we introduce the quantities x and y defined
as x = ρk/ρ1 (ρk represents the average cosmological den-
sity when t = tk) and y = ρ1/ρ2. Taking into acount that
ρ1 = ρ(t−) = ρQGP (Tc) we have, from equation (20)
x(t) =
ρ(tk)
ρ1
=
4gQGP
(
aQCD(t−)
a(t)
)3
− gHG
4gQGP − gHG
(21)
where a(t) is given by: (i) equation (7) if x 6 y−1; (ii) equa-
tion (8) if y−1 < x < 1; (iii) equation (9) if x > 1.
2.3.4 The Crossover Model (CM)
An alternative to a first-order phase transition is a sim-
ple crossover in thermodynamic behaviour without discon-
tinuities or singularities in the free energy or any of its
derivatives. If the crossover is smooth the system will evolve
in local thermodynamic equilibrium. This is the situation
if during the QCD phase transition only light quarks are
present. Now, the sound speed decreases but does not van-
ish completely (e.g. Boyanovsky, de Vega, & Schwarz 2006).
The entropy density for the QCD Crossover Model (CM) can
be written as (e.g. Schwarz 1998)
S(T ) =
2π2
45
gHGT
3
[
1 +
1
2
(
gQGP
gHG
− 1
)
×
(
1 + tanh
(
T − Tc
∆T
))]
(22)
where the value of ∆T must be chosen in order to fit the
modeled results: the best range of values found for the QCD
is 0 6 ∆T < 0.1Tc (e.g. Schmid, Schwarz, & Widerin 1999;
Bernard et al. 1997). When ∆T −→ 0 we recover the BM
(Boyanovsky, de Vega, & Schwarz 2006). We thus chose for
the CM the values ∆T = 0.1Tc and Tc = 170 MeV.
3 THE VALUE OF δC DURING THE QCD
PHASE TRANSITION
The relation between a(t) and T (the temperature of the
Universe evaluated at the same instant) can be written as
a(t) = T0/T ; in particular, when t = t+ we have arl(t+) =
T0/Tc (Table 1) which, together with equation (8), gives
t+ =
teq
am(teq)2
(
T0
Tc
)2
. (23)
From equations (18) and (8) we get the relation
t− =
t+√
fR
3
. (24)
Using Tc = 170 MeV (Table 1) we obtain, from equation
(23), the value t+ ≈ 1.2 × 10−4 s which is valid for both
the BM and the LFM. From equation (24) we get t− ≈
6.2 × 10−5 s (BM) or t− ≈ 9.5 × 10−5 s (LFM). The value
of y−1, which defines the end of the transition, can now
be determined evaluating x(t+). It turns out that for the
BM case, with gQGP = 61.75 and gHG = 17.25, we get
y−1 ≈ 0.225 and, for the LFM, y−1 ≈ 0.632.
Fluctuation dynamics in the presence of a phase transi-
tion are dependent on the strength of the transition, as well
as on the exact time tk at which the fluctuation crosses the
horizon: shortly before onset, during, or shortly after com-
pletion of the transition (Jedamzik & Niemeyer 1999). For
each situation we must also consider the possible locations
of the turnaround point tc when the kinetic energy of ex-
pansion is zero and the region begins to collapse. Similarly
to what was done by Cardall & Fuller (1998) we consider, in
the case of a QCD first-order phase transition, six different
classes of density fluctuations (designated A, B, C, D, E,
and F). In each case the value of δc (cf. equation 4) should
de replaced by δc(1 − f) where the function f denotes the
fraction of the overdense region spent in the dust-like phase
of the transition (Appendix B and Table B1).
c© 2013 RAS, MNRAS 000, 1–??
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Figure 1. The threshold for PBH formation during the QCD Bag
Model (BM) when δc = 0.43 and: (a) x = 2 (tk ≈ 4.0× 10−5 s);
(b) x = 15 (tk ≈ 1.1× 10−5 s). The vertical dashed lines labeled
“δAB” and “δBC” represent the frontiers between the different
classes of fluctuations (A, B, and C), which cover the full range
of δk . The solid curve corresponds to the function (1 − f)δc and
the dashed curve, labeled “d”, to the identity δk. A PBH will form
if (1 − f)δc < δk. In (a) this happens when δk > δc1 ≈ 0.28 (red
curve). In (b) this happens when δk ∈ [δc1 ≈ 0.15, δc2 ≈ 0.23]
and when δk > 0.43 (red curves). See text for more details.
3.1 The Bag Model (BM)
When x > 1 (tk < t−) we are dealing with fluctuations of
classes A, B or C (Appendix B and Table B1). For a given x
we can determine the range of amplitudes which correspond
to each class. For example, when x = 2 (tk ≈ 4.0 × 10−5 s)
the overdensity will be of class C if 0 < δk < 0.53, of class B
if 0.53 < δk < 1 and of class A if δk > 1. In order to identify
the values of δk for which collapse to a PBH occurs, when
x = 2 and δc = 0.43, we plot in Figure 1a both (1 − f)δc
and δk itself as functions of δk. It turns out that fluctuations
of class C with δk < δc1 ≈ 0.28 dissipate before forming a
PBH: δc1 represents a lower threshold for PBH formation
during the QCD phase transition.
As a second example we show in Figure 1b the case
x = 15 (tk ≈ 1.1 × 10−5 s). There are now two regions for
which PBH formation is allowed: (i) a region for δk > 0.43,
which corresponds to PBH formation from fluctuations of
class A; (ii) a region between δc1 ≈ 0.15 and δc2 ≈ 0.23
corresponding to the formation of PBHs from fluctuations of
classes B and C. The gap between δk = 0.23 and δk = 0.43
corresponds to: (i) fluctuations of class A which dissipate
because they have δk < 0.43; (ii) fluctuations of class B
which dissipate because they do not spend enough time in
the dust-like phase, allowing collapse to begin.
-6 -5.5 -5 -4.5 -4
Log10Htk1sL
0.1
0.2
0.3
0.4
0.5
0.6
∆
k
t- t+
BH formation
No BH formation
∆c1
∆c2
∆c=0.43
Figure 2. The curve in the (log10(tk/1s), δk) plane indicating
which parameter values lead to collapse to a PBH under the QCD
Bag Model (BM) when δc = 0.43. The vertical lines correspond
to the beginning (tk = t−) and end (tk = t+) of the QCD phase
transition. For a given horizon crossing time, tk , the dashed region
represents the newly found window for PBH formation (cf. Fig-
ure 1). The lowest value attained by δc occurs at the intersection
point δc1 = δc2 = 0.097. It corresponds to a fluctuation crossing
the horizon when tk = 5.2× 10−6 s.
In Figure 2 we show the results obtained for the en-
tire QCD Bag Model (BM) when δc = 0.43. The intersec-
tion point δc1 = δc2 = 0.097 represents the lowest value
attained by δc. It corresponds to a fluctuation that lies rigth
on the boundary between fluctuations of classes B and C
and crosses the horizon at the instant tk = 5.2 × 10−6 s
(cf. Figure B1). Depending on the instant of time that a
particular fluctuation crosses the horizon we may have PBH
forming from fluctuations of classes B, C, E and F, with the
threshold δc < 0.43.
3.2 The Crossover Model (CM)
We now assume that the minimum value of the sound speed
is reached at t ≈ t+ (corresponding to T ≈ Tc) and that
during the QCD the Universe continues to be radiation-
dominated (w = 1/3) with the scale factor given by equation
(8) with nqcd = 1/2. Considering that a(T ) = T0/T , we ob-
tain
T (t) = T0
[
am(teq)
(
t
teq
)1/2]−1
. (25)
Since the sound speed for a fluid with entropy density S can
be written as (e.g. Schmid, Schwarz, & Widerin 1999)
c2s =
(
d lnS
d lnT
)−1
(26)
we get, from equation (22)
c2s(T ) =
[
3 +
T (gQGP − gHG)
∆T
×
×
sech
(
T−Tc
∆T
)2
gHG + gQGP + (gQGP − gHG)tanh
(
T−Tc
∆T
)
]−1
. (27)
We now define effective duration as the time interval
[t1, t2] for which the sound speed stays below the ‘back-
ground’ value c2s,0 = 1/3. With the help of equations (25)
c© 2013 RAS, MNRAS 000, 1–??
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Figure 3. The sound speed c2s(t) for the QCD Crossover Model
(CM) with a reference temperature Tc = 170 MeV and ∆T =
0.1Tc. Between the instants t1 ≈ 5.9 × 10−5 s and t2 ≈ 3.5 ×
10−4 s the sound speed stays below its ‘background’ value c2s,0 =
1/3, reaching a minimum of c2s,min ≈ 0.11 at t = t+ = 1.2 ×
10−4 s.
and (27) and by taking ∆T = 0.1Tc we get t1 ≈ 5.9×10−5 s
and t2 ≈ 3.5 × 10−4 s. In Figure 3, we show the curve c2s(t)
with minimum c2s,min ≈ 0.11. Now, taking wk = wc = 1/3,
equation (16) can be written as
sc = ak
(
1 + δk
δk
)1/2
, (28)
which is valid for the entire transition. Expressions for sc
and ak are obtained from the scale factor a(t). Thus, we
have
ak = am(teq)
(
tk
teq
)1/2
(29)
and
sc = am(teq)
(
tc
teq
)1/2
. (30)
Inserting equations (29) and (30) into equation (28) we ob-
tain a relation between the horizon crossing time tk and the
turnaround time tc
tc = tk
1 + δk
δk
. (31)
We need to determine the analogous of function f (Table
B1) for the CM. This function should account for the fact
that we now have a variable sound speed and that a smaller
value of cs(t) contributes more significantly to the reduction
of δc than a larger one. We then introduce the time function
αsp such that
αsp(t) = 1−
cs(t)
cs0
(32)
where cs0 = 1/
√
3. In the case of the BM we have αsp(t) = 1
during the mixed phase and αsp(t) = 0 otherwise. Now, we
consider for the function f a more general equation
f =
1
s3c
∫ sc
si
αsp(t)ds
3, (33)
where si corresponds to the size of the region when the tran-
sition begins. Since s = s(t) gives the evolution of the scale
factor during the CM we get
0.2 0.4 0.6 0.8 1
∆k
0.32
0.34
0.36
0.38
0.4
0.42
0.44
∆
k
∆c1
Figure 4. PBH formation during the QCD transition according
to the Crossover Model (CM) for the case δc = 0.43 and tk =
4.2×10−5 s. The solid curve corresponds to the function (1−f)δc
(cf. equation 35) and the dashed curve corresponds to the identity
δk. The intersection between the two produces our newly found
threshold for PBH formation (δc1 ≈ 0.345). In red, we show where
PBHs can form (δk > δc1). See the text for more details.
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t1 t2
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Figure 5. The curve in the (log10(tk/1s), δk) plane indicating
which parameter values lead to collapse to a PBH for the QCD
Crossover Model (CM) when δc = 0.43. The vertical lines t1 ≈
5.9 × 10−5 s and t2 ≈ 3.5 × 10−4 s define the transition epoch.
For a given horizon crossing time, tk , the dashed region represents
our newly found window for PBH formation.
ds3 =
3
2
am(teq)
3
√
t
t
3/2
eq
dt. (34)
Combining equations (31), (32), (33) and (34) we get
f =
3
2
(
tk
1 + δk
δk
)−3/2 ∫ tk 1+δkδk
t1
(
1− cs(t)
cs0
)√
tdt. (35)
We can now study the changes in the value of the threshold
δc during the CM following the same method that we used
for the BM. In Figure 4 we show, as an example, the case
tk = 4.2 × 10−5 s giving δc1 ≈ 0.345 (this is the case in
which δc1 reaches the smallest value). Figure 5 shows the
region on the (log10(tk/1s), δk) plane for which collapse to a
PBH occurs in the case of the CM for δc = 0.43.
c© 2013 RAS, MNRAS 000, 1–??
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Figure 6. The sound speed c2s(t) for the QCD phase transition
according to the Lattice Fit Model (LFM) with Tc = 170 MeV
(Table 1). During the mixed phase, which occurs between t− =
9.5× 10−5 s and t+ = 1.2× 10−4 s, the sound speed is zero. For
t1 ≈ 10−7 s the sound speed equals 99% of its ‘background’ value
of 1/
√
3.
3.3 The Lattice Fit Model (LFM)
For the evolution of a fluctuation within the QCD Lattice
Fit Model (LFM) we adopt a model similar to the one con-
sidered for the BM (cf. Appendix B, Table B1, Figure B1,
Section 3.1). One difference is that, in the case of the LFM,
the mixed phase interval (t− < t < t+), during which the
sound speed vanishes, is shorter. Another difference is that
before the mixed phase (i.e. during the last instants of the
QGP phase) there is a time interval t1 6 t 6 t− during
which the sound speed drops from 1/
√
3 to zero. The sound
speed as a function of time for t 6 t− can be written as (cf.
equation 17)
c2s(t) =
1
3
(
1− arm(t)
aQCD(t−)
)2/3
=
1
3
[
1−
(
t
t−
)1/2]2/3
(36)
We now define t1 > t− as the instant for which c
2
s equals 99%
of its ‘background’ value of c2s,0 = 1/3. From equation (36),
with t− = 9.5× 10−5 s we get t1 ≈ 10−7 s (see Figure 6).
We need to find a function f suitable to the LFM. For
the period t1 6 t 6 t− we proceed as in the CM (cf. Section
3.2) while for the period t− 6 t 6 t+ we consider the BM
results (cf. Section 3.1). Let us start with fluctuations of
class A (see Table B1). We have fA = 0, as in the BM case,
only if tc < t1. In general, for a fluctuation of class A we
write (cf. equation 33)
fALFM =
1
s3c,A
∫ sc,A
sk
αsp(t)ds
3 (37)
where sc,A is the size of the overdense region at turnaround
(cf. Table B1) and sk = arm(tk) the size of the overdense
region when the fluctuation crosses the horizon, given by
equation (9). Here αsp(t) is given by equation (32), as in the
CM, but now with the sound speed cs(t) given by equation
(36). Since the volume element ds3 = 3s2ds = 3s2 ds
dt
dt must
be evaluated in the radiation-dominated epoch (tk 6 t 6
t−), we have, from equation (9), that
ds3 =
3
2
aQCD(t−)
3
√
t
(t−)3/2
dt. (38)
Inserting equation (38) into equation (37) and using arm(tk)
from equation (9) in sc,A (Table B1), we obtain
fALFM =
3
2
(
tk
1 + δk
δk
)−3/2 ∫ tk 1+δkδk
tk
αsp(t)
√
tdt. (39)
In the case of fluctuations of classes B and C (Table B1) we
write, respectively
fB = fBLFM +
s3c,B − s31
s3c,B
=
=
1
s3c,B
∫ s1
sk
αsp(t)ds
3 +
s3c,B − s31
s3c,B
(40)
fC = fCLFM +
(s2)
3
C − s31
s3c,C
=
=
1
s3c,C
∫ s1
sk
αsp(t)ds
3 +
(s2)
3
C − s31
s3c,C
(41)
where s1 and (s2)C represent the size of the overdense region
when, respectively, t = t− and t = t+ (cf. equations A4 and
A6) and sc,B and sc,C is the size of the overdense region
at turnaround for, respectively, classes B and C (cf. Ta-
ble B1). Inserting equation (38) into equations (40) and
(41), using arm(tk) in sc,B and sc,C and considering that
s1 = aQCD(t−), we get
fBLFM =
3
2
(
t
−1/2
k x
−1/4
k
(1 + δk)
3/4
δk
)−3
×
∫ t−
tk
αsp(t)
√
tdt (42)
fCLFM =
3
2
(
tk
1 + δk
δk
)−3/2
y−1/2
∫ t−
tk
αsp(t)
√
tdt. (43)
In the case of fluctuations of classes E and F (tk > t−)
we continue to use, respectively for fE and fF , the same
expressions that we did in the case of the BM (Table B1).
Following the same method that we used for the BM
and the CM we have determined the threshold δc for the
entire QCD phase transition according to the LFM. As a
result, we obtain Figure 7. Within the LFM our newly found
window for PBH formation occurs between δc1 and δc, and
δc1 and δc2; also, due to the decrease on the sound speed
value between the instants t1 and t− (cf. Figure 6) we have a
new window for PBH formation from fluctuations of class A
betwwen δcA and δc. The intersection point δc1 = δc2 = 0.15
represents the lowest value attained by δc. It corresponds
to a fluctuation that lies rigth on the boundary between
fluctuations of classes B and C and crosses the horizon at
the instant tk = 1.2 × 10−5 s. Depending on the instant of
time when a particular fluctuation crosses the horizon we
might have PBH forming from fluctuations of classes A, B,
C, E, and F, with the threshold δc < 0.43.
3.4 Summary of results (the three models
compared)
We have determined the evolution ot the PBH formation
threshold (δc) during the QCD phase transition within three
different models: Bag Model (BM), Crossover Model (CM),
c© 2013 RAS, MNRAS 000, 1–??
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Figure 7. The curve on the (log10(tk/1s), δk) plane indicating
which parameter values lead to collapse to a PBH in the case of
the QCD Lattice Fit Model (LFM) when δc = 0.43. The vertical
lines correspond to tk = t1 ≈ 10−7 s, tk = t− = 9.5 × 10−5 s,
and tk = t+ = 1.2 × 10−4 s (cf. Figure 6). For a given horizon
crossing time, tk , the dashed region represents our newly discov-
ered window for PBH formation. The lowest value attained by δc
occurs at the intersection point δc1 = δc2 = 0.15. It corresponds
to a fluctuation crossing the horizon when tk = 1.2× 10−5 s.
and Lattice Fit Model (LFM). Taking into account that the
value of δc is related to the particular perturbation profile
considered, we chose to work with δc = 0.43, corresponding
to the Mexican-hat perturbation. This ‘background’ value of
δc, which is valid for a radiation-dominated Universe, might
decrease during the QCD phase transition, as a result of the
reduction of the sound speed, improving the chances of PBH
formation.
In the case of the BM, we initially followed the litera-
ture (Section 3.1). Since the sound speed vanishes during the
interval [t−, t+] ≃ [6.2 × 10−5, 1.2 × 10−4]s, a new window
for PBH formation appears (cf. Figure 2) with the thresh-
old for PBH formation reaching its absolute minimum value
(δc,min) at the intersection point δc1 = δc2 = 0.097.
For the CM (Section 3.2) and the LFM (Section 3.3) we
derived our own set of equations based on the behaviour of
the sound speed during the QCD transition. Within the CM
we found that the sound speed decreases smoothly to a min-
imum value of c2s = 0.11, without vanishing, and rises again
to its background value of c2s,0 = 1/3 (Figure 3). Hence, a
new window for PBH formation, between δc1 and δc, was dis-
covered (cf. Figure 5) with the threshold for PBH formation
reaching the minimum value δc,min = 0.345.
As regards the LFM model, the sound speed also van-
ishes during the interval [t−, t+] ≃ [9.5 × 10−5, 1.2 × 10−4]s
(as in the BM) while it is gradually reduced during the time
interval [t1, t−] ≃ [10−7, 9.5 × 10−5]s (cf. Figure 6). Hence,
we treated the interval [t1, t−] as in the CM and, the in-
terval [t−, t+] as in the BM (cf. Section 3.3). As a result,
we discovered, besides the new windows for PBH formation
[δc1, δc2] and [δc1, δc] similar to the ones found on the BM, a
hitherto unknown LFM window for PBH formation [δcA,δc]
(Figure 7), reflecting the contribution from the period [t1,t−]
(cf. Figure 6). Within the LFM we found δc,min = 0.15.
In Table 2 we summarize the results obtained for δc,min
during the QCD phase transition according to the BM (Fig-
ure 2), CM (Figure 5), and LFM (Figure 7). In the case of
Table 2. The minimum value reached by the PBH formation
threshold (δc,min) within the Bag, Crossover, and Lattice Fit
Models (Figures 2, 5, and 7, respectively) as well as the corre-
sponding percentual decrease (∆δc/δc) with respect to the back-
ground value δc = 0.43. Also shown, in each case, is the corre-
sponding instant of the horizon crossing time (tk).
Model δc,min ∆δc/δc(%) tk (s)
Bag (BM) 0.097 77% 5.2× 10−6
Crossover (CM) 0.345 20% 4.2× 10−5
Lattice Fit (LFM) 0.15 65% 1.2× 10−5
the BM we obtained a reduction of ∆δc/δc ≈ 77%, while for
the CM this is about 20% and in the case of the LFM 65%.
4 DISCUSSION
In order for the collapse of an overdense region in the early
Universe forming a PBH, we must have δk > δc where δk is
the amplitude of the density fluctuation perturbation and δc
a critical value which is related to the particular perturba-
tion profile shape. We chose to work with δc = 0.43 since it
corresponds to the representative Mexican-hat perturbation
profile. Although the value of δc remains constant during
the radiation-dominated epoch, it can experience important
reductions during cosmological phase transitions, which lead
to a higher probability β(tk) of forming PBHs.
In particular, at the QCD phase transition ∼ 1 M⊙
PBHs might be formed (Carr et al. 2010), even if only
constituting a small fraction of the dark halo objets (e.g.
Tisserand et al. 2007), they are not completely ruled out. A
population of even smaller PBHs might also have formed,
according to the scaling law given by equation (3).
In this paper we explored the behaviour of δc during
the QCD phase transition under three diferent models: Bag
Model (BM), Crossover Model (CM), and Lattice Fit Model
(LFM) and obtained reductions of 20% (CM), 65% (LFM),
and 77% (BM) – cf. Table 2.
Assuming, for example, σ2(tk) = 2.3 × 10−4 (cf.
Sobrinho 2011) we get, for a radiation-dominated Universe
(δc = 0.43), β(tk) ∼ 10−177 (equation 4), a negligible value.
Our new results, however, show that δc can get as low as
0.097 (BM; Table 2), which implies the much higher proba-
bility of β(tk) ∼ 10−10, which lies very close to the observa-
tional constraints at the QCD epoch (cf. Carr et al. 2010).
Although the BM is the one that offers the best prospects as
regards PBH formation, even in the case of the CM (a much
smoother event: compare Figures 2 and 5) an important con-
tribution to PBH formation is still expectable. Assuming, for
example, σ2(tk) = 2.0× 10−3 we get β(tk) ∼ 10−14.
Our next step will be to find an appropriate expression
for the mass variance at horizon crossing, so that we might
estimate the fraction of the Universe going into PBHs dur-
ing the QCD epoch and, consequently, their cosmological
density. This might be very relevant towards understanding
the dark matter halo build-up in the Galaxy and in other
galaxies.
c© 2013 RAS, MNRAS 000, 1–??
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APPENDIX A: CALCULATION OF THE
RELATION KS/KK
Referring back to equation (16) and to the constants
Ks and Kk, for classes A and F (see Appendix B and
Table B1), which evolve completely during a radiation-
dominated phase, and class D, which evolves completely
during the mixed phase, we have Ks/Kk = 1. In the case of
class B, the change in the value of the EoS parameter (from
wk = 1/3 to wc = 0) occurs when t = t−, or equivalently,
when x = 1 (x = ρk/ρ1 with ρk representing the average
cosmological density when t = tk and ρ1 the energy density
at the start of the phase transition; cf. Section 2.3.3). Con-
sidering that ρ(τ ) ∝ a(τ )−3(1+w) is a continuous function,
we write, Kks
−3(1+wk)
1 = Kss
−3(1+wc)
1 , where s1 represents
the size of the overdense region at the beginning of the tran-
sition. This leads to(
Ks
Kk
)
B
=
s3wc1
s
3wk
1
=
1
s1
. (A1)
In the case of class E the change of the EoS parameter (from
wk = 0 to wc = 1/3) occurs when t = t+ or, equivalently,
when x = y−1 (y = ρ1/ρ2 with ρ2 representing the energy
density at the end of the phase transition; cf. Section 2.3.3).
The continuity of the density ρ now leads to(
Ks
Kk
)
E
=
s3wc2
s
3wk
2
= (s2)E (A2)
where s2 represents the size of the overdense region at the
end of the transition.
In the case of fluctuations of class C there is an inter-
mediate period when w = w′ = 0. Applying the continuity
condition for ρ successively at t = t+ and t = t− we obtain(
Ks
Kk
)
C
=
s3wc2
s3wk1
s3w
′
1
s3w
′
2
=
(s2)C
s1
. (A3)
The expression for s1 (common to classes B and C) can
be obtained considering that ρ1 is reached from radiation
domination (i.e. ρ1 ∝ s−41 and ρk ∝ a−4k ). From energy
conservation we have the condition ρ1s
4
1 = ρka
4
k which can
be combined with equation (10) in order to obtain
s1 = x
1/4(1 + δk)
1/4ak. (A4)
An expression for (s2)E is obtained considering that ρ2 is
reached from the mixed phase (i.e. ρ2 ∝ s−32 and ρk ∝ a−3k ).
From energy conservation we have the condition ρ2s
3
2 =
ρka
3
k which can be combined with equation (10) in order
to obtain
(s2)E = (xy)
1/3(1 + δk)
1/3ak. (A5)
An expression for (s2)C is obtained considering that a fluc-
tuation of class C spans the entire mixed phase. From energy
conservation we have the condition ρ2s
3
1 = ρks
3
2 yielding
(s2)C = s1y
1/3 (A6)
with s1 given by equation (A4). Finally, in the case of
fluctuations of class F, which evolve completely during the
radiation-domination phase, we have
(s2)F = (xy)
1/4(1 + δk)
1/4ak. (A7)
The values here derived in equations (A1-A7) are used to
calculate the fraction of the overdense region spent in the
dust-like phase of the QCD phase transition (f , in the last
column of Table B1).
APPENDIX B: CLASSES OF FLUCTUATIONS
Fluctuation dynamics in the presence of a phase transition
are dependent on the strength of the transition, as well as on
the horizon crossing time tk and on the turnaround point tc
where the collapse begins (Jedamzik & Niemeyer 1999). In
order to consider all possible solutions, we define six classes
of density fluctuations labeled A, B, C, D, E, and F (Ta-
ble B1). In each case the value of the PBH formation thresh-
old δc (cf. equation 4) must de replaced by δc(1− f) where
f denotes the fraction of the overdense region spent in the
dust-like phase of the transition.
The boundary between two neighbouring classes X and
Y can be determined taking into account that it occurs
where δc(1 − fX) = δc(1 − fY ). For example, for the
separation between classes A and B we get the condition
x(tk) = (1 + δk)/δ
2
k (see Sobrinho 2011, for a detailed dis-
cussion).
The boundary between classes C and D turns out to be
a single point
y =
(
1 + δk
δk
)3
≈ 1
0.225
⇒ δk ≈ 1.55 (B1)
meaning that class D fluctuations do not exist for δk < 1.55
and class C ones for δk > 1.55. Since, in our study, we are
looking for values of δc that are always less or equal to 0.43,
class D is thus ruled out.
The use of six different classes of fluctuations works as
an intermediate step towards determining the evolution of
δc during the QCD phase transition. In Figure B1 we re-
produce Figure 2 but now including very detailed explana-
tions on five fluctuation classes (D is not represented — cf.
equation B1). In it, the points f1, f2, f3, and f4, for exam-
ple, represent fluctuations with increasing amplitude δ that
cross the horizon at the same instant tk = 2× 10−5 s before
the beginning of the QCD phase transition.
We now use these four example points by following
the details in both Figure B1 and Table B1. f1, the point
with the largest amplitude (δ) develops faster, reaching the
turnaround point (not represented) before t−. Therefore it
is classified as a fluctuation of class A. f2 represents a fluc-
tuation of class B: although it crosses the horizon before t−,
the turnaround point is reached only during the mixed phase
because now we have a fluctuation with a smaller amplitude
which develops slower. f3 represents a fluctuation of class C:
it starts before t− and ends after t+, crossing the all phase
c© 2013 RAS, MNRAS 000, 1–??
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Table B1. Classification of overdense regions according to the state of matter at the horizon crossing time (tk) and at the turnaround
point (tc) for the QCD phase transition. We are using a convention first proposed by Cardall & Fuller (1998). (1): fluctuation class (class
D fluctuations are shown only for the sake of completeness, since they are ruled out in our study — we are looking for values of δc that
are always less or equal to 0.43 and class D fluctuations do not exist when δk < 1.55 (cf. equation B1)); (2): the state of matter at the
horizon crossing time (tk); HG — Hadronic Gas; QGP — Quark-Gluon Plasma; mixed — mixture of HG and QGP; (3): EoS parameter
at horizon crossing; w = 1/3 — radiation-dominated Universe; w = 0 — matter-dominated Universe; (4): the state of matter at the
turnaround point (tc); (5): EoS parameter at turnaround; (6): the scale factor of the overdense region at turnaround (cf. equation 16)
— x = ρk/ρ1 and y = ρ1/ρ2 (ρk represents the average cosmological density when t = tk , ρ1 and ρ2 are the energy densities at the start
and at the end of the phase transition, respectively), ak is the size of the overdense region when t = tk ; (7): the fraction of the overdense
region spent in the dust-like phase of the transition – s1 and s2 represent the size of the overdense region at the start and at the end of
the phase transition, respectively (cf. equations A4–A7).
(1) (2) (3) (4) (5) (6) (7)
Class tk wk tc wc sc f
A QGP 1/3 QGP 1/3 ak
(
1+δk
δk
)1/2
0
B QGP 1/3 mixed 0 ak
x−1/4(1+δk)
3/4
δk
s3
c,B
−s3
1
s3
c,B
C QGP 1/3 HG 1/3 aky
1/6
(
1+δk
δk
)1/2 (s2)3C−s31
s3
c,C
D mixed 0 mixed 0 ak
1+δk
δk
s3c,D−s
3
1
s3
c,D
E mixed 0 HG 1/3 ak(xy)
1/6 (1+δk)
2/3
δ
1/2
k
(s2)
3
E−s
3
1
s3
c,E
F HG 1/3 HG 1/3 ak
(
1+δk
δk
)1/2 (s2)3F−s31
s3
c,F
transition in between. In the case of f1, f2, and f3 we have
PBH formation. On the other hand, f4 represents a fluctua-
tion with amplitude below the threshold for PBH formation.
It crosses the QCD phase transition and dissipates without
reaching a turnaround point.
In the case of an unperturbed region the beginning of
the QCD phase transition occurs at t− and the end at t+. If
the region is perturbed, however, the evolution is slower.
For example, when tk = 7 × 10−5 s, although the aver-
age cosmological background is already on the mixed phase
(t− < tk < t+), an overdense region with, for example,
δk = 0.6 remains on the QGP phase — e.g. point f5 in Fig-
ure B1: such regions do not expand with the rest of the
background Universe (the state of matter on those regions
evolves slower).
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points are used as an explanatory example in the text.
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